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by 
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ABSTRACT 

Consider  the  random  uniform  placement  of  a  finite  number  of  arcs  on 
the  circle,  where  the  arc  lengths  are  sampled  from  a  distribution  on 
(0,1) .  We  provide  exact  formulae  for  the  probability  that  the  circle 
is  completely  covered  and  for  the  distribution  of  the  number  of  uncovered 
gaps,  extending  Stevens'  (1939)  formulae  for  the  case  of  fixed  equal  arc 
lengths.  A  special  class  of  arc  length  distributions  is  considered,  and 
exact  probabilities  of  coverage  are  tabulated  for  the  uniform  distribution 
on  (0,1).  Some  asymptotic  results  for  the  number  of  gaps  are  also  given. 

i 


1. 


Introduction 


Many  authors  hava  considered  problems  relating  to  the  coverage  of  a 
circle  by  randan  arcs  of  equal  sizes,  including  Whitworth  (1897),  Stevens 
(1939),  Fisher  (1940),  Votaw  (1946),  Donb  (1947),  Flatto  and  Konhelm 
(1962),  Solomon  (1978),  Holst  (1980  a,b,c  and  1981),  and  Siegel  (1978b 
and  1979).  When  the  arc  lengths  are  not  equal,  few  results  are  known. 
Conditions  under  which  a  given  infinite  sequence  of  arc  lengths  will 
almost  surely  cover  the  circle  were  studied  by  Dvoretzki  (1956),  Mandelbrot 
(1972),  Shepp  (1972),  and  others.  However,  when  the  number  of  arcs  is 
finite,  there  is  no  known  simple  formula  for  the  coverage  probability 
(Shepp,  1972),  although  some  results  are  available  concerning  the  amount 
of  the  circle  covered  in  this  case  (Yadin  and  Zachs,  1980).  Some  approxi¬ 
mations  to  the  coverage  probability  using  moments  and  simulations  were 
provided  by  Siegel  (1978a) . 

We  provide  an  exact  formula  for  the  probability  of  covering  the 
circle  with  n  random  arcs  of  random  independent  sizes  in  Section  2. 

The  formula  is  derived  by  considering  the  number  of  uncovered  gaps, 
thereby  extending  Stevens'  (1939)  formula  to  the  case  of  random  arc 
length.  Feasibility  of  computation  is  demonstrated  in  Section  3  for 
the  special  case  of  arcs  of  uniform  lengths  and  a  related  class  of  dis¬ 
tributions.  Some  asymptotics  concerning  the  number  of  uncovered  gaps 
are  obtained  in  Section  4. 


2.  Distribution  of  the  Number  of  Caps  and  the  Probability  of  Coverage 
Consider  n  arcs  placed  uniformly  and  independently  at  random  on  a 
circle  of  circumference  one.  Let  the  are  lengths  be  independent  and  iden¬ 
tically  distributed  random  variables  q,  ....  Lq,  chosen  from  the  cumu¬ 
lative  distribution  function  F  on  (0,1).  The  number  of  uncovered  gaps 

will  be  denoted  N  .  Note  that  N  -  0  is  the  event  of  complete  coverage, 
n  n 

An  example  with  N^  •  2  la  illustrated  in  the  figure. 

Theorem  2.1.  The  distribution  of  N_  is  given  by 

■■■  — **  XX 
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where 


( 2.2 ) 


•  e  { [JL  [ %  w-*  J**}  (2-5> 

and  S..  ,  . ...  S, ,  denotes  the  spacings  between  k  independent  uniform 

JLK  Rn 

points  on  the  circle.  The  positive  part  function  is  (t)+  -  max(t,0). 

The  first  terms  are 


^O"1 

q  -  [i  -  Ea))11"1 

C2  "  |  F(u)F(l-u)  F(v)dv  +  |  F(v)dvj  du 

and  the  first  moment  is  E(N f  )  ■  n[l  -  E(L)]n 
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Figure .  The  event  of  «  2  uncovered  gaps  when  n»4  random  arcs  are 
placed  on  the  circle. 

Corollary.  The  probability  of  completely  covering  the  circle  is 
P(N  -0)  -  l  (-l)k  (?)[„,.  f  n  F(u.)ir  l  [  j  F(v)dv]n  ^du.  (2.4) 

n  w>  k  J<z1:1  k*!  J 

The  first  m  terns  suffice  whenever  arcs  oust  have  length  at  least  1/m 

because  the  product  term  will  be  zero  for  the  higher  terms. 

Proof .  Consider  the  events  A^  **  "clockwise  endpoint  of  arc  i  is 

not  covered".  The  figure  shows  the  case  in  which  and  A^  occur. 

It 

Define  „  P(Tl^a^  A^) .  Using  reasoning  analogous  Co  Stevens  (1939, 
formula  4.62)  we  obtain  (2.1).  To  calculate  observe  that 


(2.5) 
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where  S1(t,  ...,  are  Che  lengths  of  Che  gaps  between  clockwise  end 

points  of  the  first  k  gaps  and  B#_k  Is  the  event  "none  of  the  arcs 
k+1 . n  cover  the  clockwise  endpoints  of  arcs  1,  ....  k."  Condi¬ 
tioning  on  Slk . S^,  independence  of  the  arc  lengths  gives  us 

■  4(Vk|su . skk>  ^  r<sik>]  •  « 


An  additional  arc  will  fall  within  one  of  the  first  k  gaps  with  condi¬ 
tional  probability 

E{j-i  <sJk’L)+*Slfc’ . ' 

Again  using  independence  of  arc  lengths,  we  have 

P(Bn-JSlk . Skk)  "  VSjk"L)+]  (2* 

which,  together  with  (2.6)  establishes  (2.3).  Writing  expectations  as 

integrals  and  integrating  by  parts  we  obtain  (2.2).  Because  Nft  is  the 

n 

sun  of  indicator  functions  N  •  J  1(A),  its  first  monent  is 

n  i-1  1 

E(Nn)  -  nP(A±)  -  nCx  -  n(l  -  Ed)]11*1  .  □ 

The  formula  (2.4)  for  coverage  probability  does  reduce  to  Stevens' 
(1939)  formula  when  arcs  have  fixed  length  a.  In  this  case  F(x)  - 
l(x  >  a)  and  from  (2.3)  we  have 


I 
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The  produce  term  allows  us  Co  drop  Che  positive  part  Co  obtain 


^  -  (P(all  Slk  >.  a)]  •  (1-ka)1 


which  reduces  to 


^  -  (1-ka)"-1 


(2.8) 


Substituting  this  into  formula  (2.4)  we  obtain  Stevens'  formula  for  equal 


P (cover)  -  |  (-l)k  (?)  (1-ka)?"1 

k^O  K  + 


3.  Uniform  Arc  Length  and  Related  Distributions 

If  the  cumulative  distribution  function  of  the  arc  length  has  the 
special  form 


F(x)  »  xa  ,  0  <  x  <  1 


(3.1) 


for  some  a  >  0,  then  the  probabilities  in  Section  2  can  be  simplified 
by  performing  the  Integrations. 

Theorem  3.1.  If  F(x)  *  xa,  then  5^  from  Theorem  2.1  is 


(k-1) ! 

(a+l)n“k  r[(a+l)n]  k 


Y  (  ”k  ]  n  rr(a+i)(m +i)]  0.2) 
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i-1  X 

where  the  sum  is  over  nonnegative  integers  m^.  An  equivalent  formula 
with  fewer  terms  to  sum  is  obtained  if  we  define  »  8  (m^j ) : 


(3.3) 


Corollary.  The  probability  of  covering  the  circle  with  n  random 
arcs  whose  lengths  are  chosen  Independently  from  the  uniform  distribution 
on  (0,1)  is 


v  .  .  n!  "  (-D 


m  -n-k) 


(  “  ) 
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(3.4) 


k 

•  n  (2m. +1) !  .  . 

i-1  1 


Despite  its  complicated  appearance,  it  was  tabulated  on  a  hand  cal¬ 
culator  for  up  to  10  arcs,  as  shown  in  the  table,  second  column.  The 
third  column  allows  comparison  with  the  case  of  fixed  arcs  of  Che  expected 
length,  1/2.  He  see  that  the  differences  in  coverage  probability  are 
most  evident  when  n  is  small. 

To  further  assess  the  differences  between  placing  fixed  and  random 
arc  lengths,  column  4  of  the  table  lists  the  fixed  arc  length  whose  cover¬ 
age  probability  is  equal  to  that  of  the  uniform  random  arc  lengths.  These 
equivalent  fixed  arc  length  values  converge  to  .5,  again  suggesting  the 
similarity  as  n  increases  between  the  random  and  fixed  arc  length  cover- 


Table 


so  the  denominator  of  (3.5) 


k 

The  distribution  of  J  X.  is  Gamma (k,l) 

j-i  J 

Is 


rKofDnl 

(k-1) l 


(3.6) 


The  numerator  of  (3.5)  can  be  written  as 


iJl  Tl 


[r(o»  l)] 


ori-l 


in-k 


(3.7) 


where  Y^,  ...»  Y^  are  independent  Gamma  (ct+1,1) .  We  do  a  multinominal 
expansion  to  obtain 


(  ”'k  )lV<> 
<a+1)  ( i  W . v  1-1 

i-1 


The  expectation  can  be  evaluated: 


(3.8) 


E(Yj+1)Bi 


r  [ (a+1) (m1+l)]/r(a+l) 


(3.9) 


Substituting  (3.9)  in  (3.8),  substituting  the  resulting  numerator  and 
the  denominator  (3.6)  for  the  ratio  in  (3.5),  we  have  the  result  (3.2). 
Formula  (3.3)  is  obtained  by  combining  summands  with  the  same  set  of 
exponents  (m^,  ...»  m^}  and  the  same  multiplicities.  C 


REMARK:  In  a  similar  way,  distributions  of  the  form  F(x)  *  l-(l-x)n, 
o<x<l,  n*l,2,...  can  be  treated. 


8 
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Proof,  By  the  Lemma  below  it  follows  that  we  need  only  establish  that 
for  all  k*l, 2,3, ...» 

nkek  -  Xk  ,  n  -  »  ,  (4.4) 

where  ^  was  defined  In  Theorem  ,2.1.  By  Che  condition  (A)  this  is 
true  for  k*l.  Using  the  identity  (t)+  “  t+  (-t)+,  we  see  that 


-10' 


Remark.  From  the  proof  it  actually  follows  that  the  probability 
generating  function  of  converges  to  that  of  a  Poisson(X),  provided  (4.1) 
and  (4.2)  are  fulfilled. 


Corollary.  If  the  arcs  have  equal  lengths  u  and  E(N  )  ^  A  ,  then 

n  n 

D 

N  -►  Poisson  (A)  t  n  -►  «  . 
n 


Proof.  In  this  case  the  integral  in  (4.2)  simplifies  to 


00  oc 

Ji/. 

ky 


oo 

f 


exp  (iu(x-l)-x)dx]  du 


[expt-iu-ky^+iuky^  }/  (1-iu)  ]  du 


J*  [e  *u/(l-iu) ]^du  »  27 r  k^e  ^/k!  ,  n  -►  00  , 


As  (1-iu)  is  the  characteristic  function  of  a  Gamma  (k,l)  distribution.  0 

In  a  similar  way  by  explicit  calculation  of  the  integrand  in  (4.2)  one 
obtains: 


i 


Corollary.  Let  the  arc  lengths  take  the  values  o<a,y  <  ...  <  a_  y  with 
4  in  r  n 

probabilities  p^,  . pf  where  pj+  . . .  +  py  ■  1  and  a^Pj+  •••  +  arPr  “ 

If  p  •*  o  such  that  E(N  )  -*•  X  ,  then 
n  n 

D 

N  *■*'  Poisson  (A),  n  -►  00  . 
n 
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